We give the analytic expression of the next-to-leading order contribution to the longitudinal gluons energy in high-temperature quantum chromodynamic using the real-time formalism of finite-temperature quantum field theory. We also give the expressions of the effective propagators and vertex functions.
Introduction
The problem of gauge dependence of the physical quantities in high-temperature perturbation theory of quantum chromodynamics (QCD) was resolved by Braaten and Pisarski in [1] . They showed that in order to calculate consistently at high temperature, we have to use an effective perturbation that sums the so-called hard thermal loops (HTL) into dressed propagators and vertices [1, 2] . The first next-to-leading order physical quantity that has been determined in this framework is the damping rate of the non-moving transverse gluon [3] . Indeed, it was shown to be finite, positive and gaugeindependent.
However, in the imaginary-time formalism, infrared difficulties occur in next-to-leading order HTL-summed perturbation. This was first indicated in [4] , where the direct and explicit attempt to calculate the damping rate for non-moving longitudinal gluons showed that it is infrared divergent. The infrared sensitivity occurs in other quantities too [5, 6] .
Model and results
The present work gives the analytic expression of the longitudinal-gluon energy at next-to-leading order in HTL-summed perturbation of massless QCD at high temperature. The real-time formalism [2, [7] [8] [9] is used instead of the imaginary-time one. It also gives expressions for the vertex functions using the Feynman parameterization.
In the physical representation, the retarded/advanced (ra|ar) effective gluon propagators are given by these expressions:
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The quantities δΠ ra|ar (P, Q) are the HTL contributions to the retarded/advanced gluon self-energy. The poles of * ∆ l(t) determine the longitudinal (transverse) gluon dispersion relations to lowest order gT . The next-to-leading order dispersion relation of the longitudinal gluons is given by the following relation:
In this expression, the quantity * Π l (Ω l , p) is the nextto-leading order longitudinal gluon self-energy. From this dispersion relation, the next-to-leading-order energy of the slow-moving longitudinal gluons can be cast as follows:
The denominator in this expression is easy to obtain whereas the numerator requires a derivation of the real part of the effective self-energy.
In the strict Coulomb gauge, the compact expression of the retarded component of the next-to-leading order longitudinal gluon self-energy is given by:
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Each contribution of the four-gluon vertex functions has the following explicit expression:
and each contribution of the three-gluon vertex functions has this expression:
The effective gluon vertex functions are of the following form:
In this expression, the quantity Γ 3(4) is the bare three (four)-gluon vertex, which is equal to zero when the number of external retarded indices is 0 or 2, and the quantity δΓ 3(4) is the corresponding HTL contribution. The expressions of δΓ 3(4) are derived and grouped in two groups:
longitudinal gluons in the RTF of HTL perturbation theory of massless QCD at high temperature. The effective vertex functions in RTF are derived and the angular integral in the HTL vertex functions is done analytically. A compact analytic expression for the complete next-toleading contribution to the retarded longitudinal gluon self-energy is also given. The next phase in this calculation is to numerically evaluate the resulting integrals. This work is in progress.
